Abstract. Two new notions of equivalence for representations of a Toeplitz algebra En, n < ∞, on a common Hilbert space are defined. Our main results apply to C * -dynamics and the conjugacy of certain * -endomorphisms. One particular case of the relations is shown to coincide with the multiplicity of a representation. Previously known results due to Laca and Enomoto-Watatani are recovered as special cases.
A-module structure and A-valued inner product given by
The distinguished vectors e 1 , ..., e n ∈ A n (where e i is the vector which has 1 A in the i-th coordinate and zeros elsewhere) form an orthonormal basis for A n which we will term the standard basis.
We can make a natural identification of L(A n ) with the matrix algebra M n (A), where the homomorphisms θ ei,ej : x → e i e j , x play the role of matrix units. Thus V = [v ij ] ∈ M n (A) has V x = n j=1 n i=1 e j v ji e i , x for all x ∈ A n . Because of this it is straightforward to check that U = [u jk ] ∈ M n (A) is unitary if and only if n i=1 u ij u * ik = δ jk 1 A and n i=1 u * ji u li = δ jk 1 A for every j, k = 1, ..., n. That is to say that matrix unitaries are precisely the unitary homomorphisms, and viceversa. If {f 1 , ..., f n } is any orthonormal basis of A n then letting u ij := e i , f j for each i, j = 1, ..., n we have that U := [u ij ] is a unitary matrix in M n (A) such that U e i = f i for each i = 1, ..., n.
A covariant representation of A n on a Hilbert space K is a pair (σ, π) consisting of a linear map σ : A n → B(K) and a nondegenerate * -representation π : A → B(K) which together satisfy the covariance condition σ(xa) = σ(x)π(a) for all x ∈ A n and a ∈ A. A covariant representation (σ, π) is Toeplitz if σ(x) * σ(y) = π( x, y ) for all x, y ∈ A n . Note. Henceforth we will only consider the case when A is concretely represented, i.e. A ⊂ B(H) for some H, and every covariant representation is of the form (σ, id) for some linear map σ : A n → B(H). Consequently we will abuse the notation and write σ alone instead of (σ, id).
Suppose that σ is a Toeplitz representation (i.e. (σ, id) is a Toeplitz representation) then σ(e i ) * σ(e j ) = e i , e j = δ ij I for all i, j = 1, ..., n. Thus {σ(e i ) : i = 1, ..., n} is a family of n isometries with pairwise orthogonal ranges. We will always use v 1 , ..., v n to denote the universal generators of E n and so E n := C * ({v 1 , ..., v n : v * i v j = δ ij I}). By the universal nature of the Toeplitz algebra E n , the assignments v i → σ(e i ) extend uniquely to a * -representation of E n on H which we will denote by ω σ .
Conversely, given a nondegenerate * -representation ω :
It is easily checked that σ ω : A n → B(H) is a linear map which, together with the identity representation of A, satisfies the covariance condition; hence is a covariant representation of E n . By construction we have that σ ω is Toeplitz. Note that σ ω (e i ) = ω(v i ) and this uniquely determines σ ω . Naturally, σ ωσ = σ and ω σω = ω.
Equivalences
Given a unital C * -algebra A ⊂ B(H), we have seen that the Toeplitz covariant representations of A n coincide with the nondegenerate * -representations of the Toeplitz algebra E n . We will now use this relationship to define two families of equivalence relations for representations of E n .
2.1. Free Equivalence. Our first notion of equivalence is inspired from the observation that if σ is a Toeplitz covariant representation of A n and U ∈ M n (A) a unitary then σ • U is also a Toeplitz covariant representation of A n .
Definition 2.1. Let A ⊂ B(H) be a unital C * -subalgebra. Two nondegenerate representations ω and τ of E n (on H) are A-free equivalent if there is a unitary homomorphism U ∈ L(A n ) such that σ ω = σ τ • U .
Proposition 2.2. A-free equivalence is an equivalence relation.
Proof. Reflexivity is obvious.
for all x ∈ A n and so A-free equivalence is symmetric.
Lastly, if σ ω (x) = σ τ (U x) and σ τ (y) = σ κ (W y) for some unitaries U, W ∈ L(A n ) and all x, y ∈ A n then σ ω (x) = σ κ (W U x) for all x ∈ A n and W U is obviously a unitary in M n (A). Hence ω and κ are A-free equivalent and we have transitivity. 
Proof. Suppose that there is a unitary U ∈ L(A n ) for which σ ω (x) = σ τ (U x) for all x ∈ A n . Since we may identify L(A n ) with M n (A) and thus there is a matrix [u jk ] ∈ M n (A) such that U x = n j=1 n k=1 e j u jk e k , x for all x ∈ A n . In particular, we have that U e i = n j=1 e j u ji for all i = 1, ..., n. Hence
for all x ∈ A n . 
The proof is simply an application of Theorem 4.3 to the representations ω and
Suppose that ω A-q.f.
∼ τ ,which by Proposition 2.5 allows us to conclude that
and so, by the previous proposition, τ
To prove transitivity, suppose that ω
If we let
and similarly tedious calculations show (T T * ) ij = δ ij . Denoting by W ′ the unitary W 1 W 2 ∈ B(H) (which is also A-fixing), we have for
and so ω A-q.f.
∼ κ as desired.
Equivalence and Multiplicity
The complex subspace of E n spanned by the generating isometries is a Hilbert space E n ∼ = C n .
Definition 3.1. The multiplicity of a nondegenerate * -representation π :
Our goal for this section is the proof of the following theorem:
Theorem 3.2. Two representations of E n on H are B(H)-quasifree equivalent if and only if they have the same multiplicity.
We will accomplish this through several intermediate lemmas.
i and define J n ⊂ E n to be the (closed, two-sided) ideal generated by p n . Note that the multiplicity of π is also the rank of the projection π(p n ). Representations of multiplicity 0 (also called essential representations in the literature) factor through the quotient E n /J n ∼ = O n and thus may be thought of as representations of the Cuntz algebra. Proof. If ω and τ are essential representations of E n on a Hilbert space H then necessarily
The Fock representation of E n is a nondegenerate * -representation of multiplicity 1 which reduces to the unilateral shift when n = 1. We'll briefly outline the construction which is originally due to Evans [4] . Let E ⊗j n denote the j-fold tensor product Hilbert space (where E ⊗0 n := C) and define the full Fock space
For each i = 1, ..., n and all j ≥ 0 we'll form maps ϕ(v i ) :
Taken all together these define a family of linear maps {ϕ(v i ) : F E → F E } which are easily seen to be isometries which have pairwise orthogonal ranges. Hence v i → ϕ(v i ) extends to a representation ϕ : E n → B(F E ). This is the canonical Fock representation and it is routine to see that ϕ has multiplicity 1. The Fock representation of multiplicity k is analogously defined but with Proof. The "if" statement is trivial.
Suppose that ϕ a and ϕ b are B(F E )-free equivalent. Then there is a unitary
As a consequence we find that
But that means ϕ a and ϕ b share the same multiplicity.
We will make use of a (rephrased) result of Popescu [7, Theorem 1.3] which generalized the Wold decomposition: every representation π of E n has a decomposition π = π e ⊕ π s where π e is an essential representation and π s is unitarily equivalent to a multiple of the Fock representation. 
Naturally the statement may be generalized to more than two pairs of representations, but, because of the Wold decomposition analogue, this is enough for our purposes.
Proof. Denote ω = ω 1 ⊕ ω 2 and τ = τ 1 ⊕ τ 2 . Since ω i Ai-q.f. ∼ τ i for i = 1, 2 we have unitaries W i ∈ B(H i ) which are, respectively, A i -fixing as well as unitaries
for all j = 1, ..., n and i = 1, 2.
It is clear that
Tedious but routine calculations demonstrate that U := [(u (1) jk , u (2) jk )] ∈ M n (A 1 ⊕ A 2 ) is unitary. All that remains is to show that
for all k = 1, ..., n. Now for each j, k = 1, ..., n we have
as desired.
We now have the tools to prove our theorem.
Proof of Theorem 3.2.
We shall first prove necessity. If ω and τ are B(H)-quasifree equivalent then
for unitaries W ∈ B(H) and U = [u jk ] ∈ M n (B(H)). Thus for we have
⊥ share the same dimension and we have our result. Now suppose that ω and τ are nondegenerate * -representations of E n on H with the same multiplicity. By the analogue of the Wold decomposition we have ω = ω e ⊕ ω s represented on H = K e ⊕ K s and τ = τ e ⊕ τ s represented on H = J e ⊕ J s . If the multiplicity is nonzero then K e and J e are nontrivial, separable, and consequently unitarily equivalent. Let W e ∈ B(J e , K e ) be a unitary, then W e τ e W * e is an essential representation of E n on K e and so is B(K e )-free equivalent to ω e by Lemma 3.3. Hence there is a unitary 
Tedious but straightforward calculations demonstrate that U is a unitary matrix. All that remains is to see that for each i = 1, ..., n
and so ω is B(H)-quasifree equivalent to τ . That the converse of the corollary is false is seen in the results of the next section, where it is shown that quasifree equivalence is also related to the conjugacy of dynamical systems.
Application to Dynamics
Our goal is to relate free and quasifree equivalence of representations to conjugacy of certain * -endomorphisms of concretely represented C * -algebras. To do so we will need the property of Invariant Basis Number (IBN) for C * -algebras and some related results. While nontrivial to check for arbitrary C * -algebras, it is an immediate consequence of the theorem that a factor has IBN if and only it is finite.
Our main results for this section, Theorems 4.3 and 4.4, relate the equivalence of representations of Toeplitz algebras to the conjugacy of certain * -endomorphisms they induce, and vice versa. Theorem 4.3 is technically a special case of Theorem 4.4, but the proof of the later is markedly simpler if we have already established the former. (1) α = β, (2) n = m and ω and τ are A ′ -free equivalent.
Proof. 1) ⇒ 2). Consider the subspaces E α := {X ∈ B(H) : Xa = α(a)X f or all a ∈ A} E β := {X ∈ B(H) : Xa = β(a)X f or all a ∈ A} which are right C * -modules over A ′ when given the inner product x, y = x * y. Of course when α = β we have E α = E β and so, to avoid confusion, we'll call this A ′ -module E. Note that {ω(v i ) : i = 1, ..., n} and {τ (v j ) : j = 1, ..., m} are orthonormal sets in E and denote by E ω and E τ the submodules of E spanned by {ω(v i )} and {τ (v j )}, respectively. Since E ω has a basis of size n it is unitarily equivalent to (A ′ ) n , and similarly
m and so, because A ′ has IBN, we conclude that n = m.
Since E τ = E ω and, by definition,
) for each i = 1, ..., n. As {τ (v i )} is an orthonormal basis for E ω , and σ ω is Toeplitz by construction, we conclude that {f 1 , ..., f n } is an orthonormal basis for (A ′ ) n , hence there is a unitary U = [u jk ] ∈ M n (A ′ ) for which
.., n and hence τ is A ′ -free equivalent to ω. 2) ⇒ 1). If ω and τ are A ′ -free equivalent then ω(v i ) = n j=1 τ (v j )u ji for some unitary U = [u jk ] ∈ M n (A ′ ) and each i = 1, ..., n. For all a ∈ A we then have that Proof. For any A-fixing unitary W ∈ B(H), letting κ(v i ) = W τ (v i )W * for each i = 1, ..., n we have that κ extends to a nondegenerate * -representation of E m . Note that
and so γ is a * -endomorphism of A. 1) ⇒ 2). Let W be from the hypothesis and construct κ and γ as above. Applying Theorem 4.3 to γ and α we conclude that n = m and there is a unitary
2) ⇒ 1). We have that
and an A-fixing unitary W ∈ B(H), where κ (and so γ) is constructed as before. Hence ω and κ are A ′ -free equivalent and we apply Theorem 4.3 to conclude that α = γ = Ad W βAd W * as desired.
Recovery of Known Results
Particular choices for the C * -algebra A in Theorem 4.3 and Theorem 4.4 allow us to recover several previously known results.
Endomorphisms of B(H).
First consider the case when A = B(H). It was first observed by Arveson [1] that every * -endomorphism of B(H) is of the form x → n i=1 V i xV * i where V 1 , ..., V n (with n = ∞ a possibility) is some family of mutually orthogonal isometries. Laca [6] improves upon this observation by relating the conjugacy properties of endomorphisms of B(H) to properties of the induced representations of Toeplitz algebras. Our Theorem 4.4 recovers one of Laca's results when n < ∞.
Recall that the C-linear span of the generators in E n forms a Hilbert space E n ∼ = C n . A unitary transformation U of E n extends uniquely to an automorphism γ U of E n . These are termed "quasifree" automorphisms of E n by Laca. We'd like to remark that the relationship ω = τ • γ U , which we term the C-quasifree equivalence of ω and τ , is termed "quasifree equivalence" by Laca [6, Definition 2.5]. ∼ τ .
